Math 330 Linear Algebra Homework 11

10.3 Matriz sizes. Suppose A, B, and ' are matrices that satisfy A + BBT = C. Determine
which of the following statements are necessarily true. (There may be more than one true
statement. )

(a) A is square. v
(b) A and B have the same dimensions. A/Ofﬂ((effnn.\/g
(

c) A, I3, and (' have the same number of rows.

)
d) B is a tall matrix. ~o# r2ec ngafuyg
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Math 330 Linear Algebra Homework 11

10.6 Product of rotation matrices. Let A be the 2 x 2 matrix that corresponds to rotation by

0 radians, defined in (7.1), and let B be the 2 x 2 matrix that corresponds to rotation by
w radians. Show that AB is also a rotation matrix, and give the angle by which it rotates

& b
vectors. Verify that AB = BA in this case, and give a simple English explanation.
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Math 330 Linear Algebra Homework 11
10.11 Trace of matriz-matric product. The sum of the diagonal entries of a square matrix is
called the trace of the matrix, denoted tr(A).

(a) Suppose A and B are m X n matrices. Show that

tr(4” B) = Z Z AL B,

=1 =1

What is the complexity of calculating tr(A” B)?

(b) The number tr(ﬁi'}‘B) is sometimes reterred to as the inner product of the matrices
A and B. (This allows us to extend concepts like angle to matrices.) Show that
tr(ATB) = tr(BT A).

(¢) Show that tr(A” 4) = ||[A||>. In other words, the square of the norm of a matrix is
the trace of its Gram matrix.

(d) Show that tr(A"B) = tr(BA"). even though in general A" B and BA” can have
different dimensions. and even when they have the same dimensions, they need not
be equal.
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10.35 Orthogonal mairices. Let U and Vobe two orthogonal nox e matrices. Show that the

matrix CV oand the (2a) < (20) matnx
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10.8 State foedback control. Consider a time-invariant finear dvnamical system with n-vector state a,
atel m-vector input iy, with dynamics

oy — A Buyo =120

The entrics ol (he state often represent deviations ol n quantities from their desired values. so
oo O ds & goal in operation of the svateny. The entries of the input w, are deviatious from the
standard or nominal values, For exaanple. inan aiveraft model. the states might be the deviation
from the desived altitnde. climb rates speed. and angle of atvacks the input iy represents changes

i the control snrface angles or cngine thruse from theiv normal valnes,

In state feedback contrel, the states ae measured and the inputis a linear inetion of the state.
= W The mo<on matvix I ix called the state feedbiek gain matrir. The state feedback gain
matrix is very carctully designed. using several methods, State feedback control is very widely used
in nany application areas (including, for example. control of airplanes).

(a) Open and closed-loop dynamical system. With uy = 0, the system satisfies xp4q = Aay for
t = 1.2,..., which is called the open-loop dynamics. When w, = Kx;, the system dynamics
can be expressed as »;.] = Az, for t = 1.2...., where the n x n matrix A is the closed-loop
dynamics matriz. Find an expression for Ain terms of A. B, and K.

(L) Aircraft control. The longitudinal dynamies of a 747 fiying at 40000 [t at Mach 0.81 is given

by
09 03 02 ~_321 0.01  0.99
A 01 47 47 00 5= -344 166
’ 02 06 A0 =00 |° ~0.83 0.44
01 -4 72099 -0.47. 0.25

where the sampling time is one second. (Tle state and control variables are described in more
detail in the lecture on control.) We will use the state feedback matrix

K ~.038 021 319 —.270
T —061 —-.004 —.120 .007

(The matrices A, B, and K can be found in 747 _cruise_dyn_data.jl, so you don’t have
to type them in.) Plot the open-loop and closed-loop state trajectories from several nonzero
initial states, such as 217 = (1,0.0.0), or ones that are randomly generated, from £ = 1 to
t = 100 (say). (In other words, plot (2;), versus ¢, for i = 1,2.3,4.) Would you rather be a
passenger in the plane with the state feedback control turned off (i.e., open-loop) or on (i.c.,
closed-loop)? ‘
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Homework 11 Question 10.3b

[1]: A=[.99 .03 -.02 -.32;
.01 .47 4.7 .0;
.02 -.06 .40 .0;
.01 -.04 .72 .99]

[1]: 4x4 Array{Float64,2}:
0.99 0.03 -0.02 -0.32
0.01 0.47 4.7 0.0
0.02 -0.06 0.4 0.0
0.01 -0.04 0.72 0.99

[2]:|B=[0.01 0.99; -3.44 1.66;
-0.83 0.44; -0.47 0.25]

[2]: 4x2 Array{Float64,2}:
0.01 0.99
-3.44 1.66
-0.83 0.44
-0.47 0.25

[3]: K=[-.038 .021 .319 -.270;
-.061 -.004 -.12 .007]

[3]: 2x4 Array{Float64,2}:
-0.038 0.021 0.319 -0.27
-0.061 -0.004 -0.12 0.007

[4]: Aclosed=A+B*K

[4]: 4x4 Array{Float64,2}:
0.92923 0.02625 -0.13561 -0.31577
0.03946 0.39112  3.40344  0.94042
0.0247 -0.07919 0.08243 0.22718
0.01261 -0.05087  0.54007 1.11865

Plot the open-loop trajectories for 1 = (1,0,0,0) from ¢t = 1 to ¢ = 100.



[25] :

[26] :

[27]:

[28]:

[28]:

[9]:

[29]:

[30]:

[30]:

Xopen=zeros(4,100) ;

Xopen[:,1]1=[1,0,0,0]

for t=1:99
Xopen[:,t+1]=A*Xopenl[:,t]

end

using Plots

plot (Xopen',size=[400,300],legend=:bottomright)
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Xclosed=zeros(4,100);

Xclosed[:,1]=[1,0,0,0]

for t=1:99
Xclosed[:,t+1]=Aclosed*Xclosed[:,t]

end

plot(Xclosed',size=[400,300],legend=:bottomright)



[31]:

[32]:

[32]:
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Note that the trajectories from the open-loop system oscillate up and down while the trajectories
from the closed-loop system do not oscillate. While the oscillations might be exciting, I would
generally prefer to be a passenger in a plane that doesn’t oscillate up and down.

Here is another example starting from a random initial states.

randstate=rand(4)

Xopenl[:,1]=randstate

for t=1:99
Xopen[:,t+1]=A*Xopenl[:,t]

end

Xclosed[:,1]=randstate

for t=1:99
Xclosed[:,t+1]=Aclosed*Xclosed[:,t]

end

plot (Xopen',size=[400,300],legend=:bottomright)
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[33]: plot(Xclosed',size=[400,300],legend=:bottomright)
[33]:
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Again the open-loop trajectories oscillate while the closed-loop trajectories do not oscillate.
One more example, for completeness.

[38]: randstate=2*rand(4).-1
Xopen[:,1]=randstate



for t=1:99
Xopen[:,t+1]=A*Xopenl[:,t]
end
Xclosed[:,1]=randstate
for t=1:99
Xclosed[:,t+1]=Aclosed*Xclosed[:,t]
end

[39]: plot(Xopen',size=[400,300],legend=:bottomright)

[39]:
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[40]: plot(Xclosed',size=[400,300],legend=:bottomright)

[40]:
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While the red curve oscillates a bit even for the closed-loop system, the amount of oscillations are

less than for the open-loop system. Thus, qualitatively similar results are obtained in each of the
cases.

In particular, as already explained, I would rather be a passenger in with the state feedback control
turned on.



Math 330 Linear Algebra Homework 11

10.7 Suppose FPO = 00 where £ oand Gave oo bmatnees. Deternaine whether cach of the following
statements must alwavs be true. or can be false. "Must be true” means the statement holds for any
nox komatrices Foand € thar savistv A0 - 00 withontr any further assumptions: “can be false’
means that there are o2 & matriees & and 0 that satistv #7¢0 = 0. but the statement does not

hold.

(Y The cohunus of # are orthononnal,
(¢} Each colmnn of £ s orthogonal to cach colummn of G,
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